Multidimensional cosmological model describing the evolution of (n + 1) Einstein spaces in the theory with several scalar fields and forms is considered. When a (electro-magnetic composite) p-brane Ansatz is adopted the field equations are reduced to the equations for Toda-like system. The Wheeler-De Witt equation is obtained. In the case when n "internal" spaces are Ricci-flat, one space M 0 has a non-zero curvature, and all p-branes do not "live" in M 0 , the classical and quantum solutions are obtained if certain orthogonality relations on parameters are imposed. Spherically-symmetric solutions with intersecting non-extremal p-branes are singled out. A non-orthogonal generalization of intersection rules corresponding to (open, closed) Toda lattices is obtained. A chain of bosonic D ≥ 11 models (that may be related to hypothetical higher dimensional supergravities and F -theories) is suggested.
Introduction
In this paper we continue our investigations of p-brane solutions (see for example [2, 3, 13] and references therein) based on sigma-model approach [11, 16, 17] . (For pure gravitational sector see [18, 19] .)
Here we consider a cosmological case, when all functions depend upon one variable (time). The model under consideration contains several scalar fields and antisymmetric forms and is governed by action (2.1).
The considered cosmological model contains some stringy cosmological models (see for example [10] . It may be obtained (at classical level) from multidimensional cosmological model with perfect fluid [24] - [28] as an interesting special case.
The paper is organized as follows. In Sect. 2 the model with composite electromagnetic p-branes is described. In Sect. 3 the σ-model representation (under certain constraints on p-branes) is considered and certain scalar invariants are calculated. In Sect. 4 the Wheeler-DeWitt equation is obtained. Sect. 5 is devoted to exact solutions (classical and quantum) for orthogonal case, when one factor space is curved. In Subsect. 5.3 spherically symmetric configurations with non-extremal p-branes is singled out. In Sect. 6 the intersection rules are generalized to non-orthogonal case and a chain of bosonic B D -models (D ≥ 11) containing "truncated" D = 11 supergavity model [1] and D = 12 model from [29] is suggested. (It may be supposed that these models or their analogues may be connected with higher dimensional generalization of M-and F -theories [4, 5, 6, 7] .)
The model
Here like in [16] we consider the model governed by the action
where g = g M N dz M ⊗ dz N is the metric (M, N = 1, . . . , D), ϕ = (ϕ α ) ∈ IR l is a vector from dilatonic scalar fields, (h αβ ) is a non-degenerate l × l matrix (l ∈ IN), θ a = ±1,
is a n a -form (n a ≥ 1) on a D-dimensional manifold M, Λ is cosmological constant and λ a is a 1-form on IR l : λ a (ϕ) = λ aα ϕ α , a ∈ ∆, α = 1, . . . , l. In (2.1) we denote |g| = | det(g M N )|, a ∈ ∆, where ∆ is some finite set, and S GH is the standard Gibbons-Hawking boundary term [23] . In the models with one time all θ a = 1 when the signature of the metric is (−1, +1, . . . , +1).
The equations of motion corresponding to (2.1) have the following form a ∈ ∆; α = 1, . . . , l. In (2.5) λ α a = h αβ λ aβ , where (h αβ ) is matrix inverse to (h αβ ). In (2.4)
where
8)
In (2.5), (2.6) △[g] and ▽[g] are Laplace-Beltrami and covariant derivative operators respectively corresponding to g. Let us consider the manifold
with the metric
where w = ±1, u is a distinguished coordinate which, by convention, will be called "time";
i is a metric on M i satisfying the equation
12)
. . , n; n ∈ N. Thus, (M i , g i ) are Einstein spaces. The functions γ, φ i : (u − , u + ) → R are smooth. Each manifold M i is assumed to be oriented and connected, i = 0, . . . , n. Then the 13) and the signature parameter
are correctly defined for all i = 0, . . . , n. 
and a corresponding p-brane submanifold 19) where
We also define ε-symbol
For fields of forms we adopt the following "composite electro-magnetic" Ansatz
where 
For dilatonic scalar fields we put
27) α = 1, . . . , l. ¿From (2.22) and (2.23) we obtain the relations between dimensions of p-brane worldsheets and ranks of forms 29) in electric and magnetic cases respectively.
σ-model representation
Restrictions on Ω a,v . Let
The set w 1 describes all 1-dimensional manifolds among M i (i ≥ 0). We impose the following restrictions on the sets Ω a,v (2.24):
a ∈ ∆; v = e, m; i, j ∈ w 1 , i < j and
a ∈ ∆; j ∈ w 1 . Here
is "dual" set. (The restrictions (3.2) and (3.3) are trivially satisfied when n 1 ≤ 1 and n 1 = 0 respectively, where n 1 = |w 1 | is the number of 1-dimensional manifolds among M i ). It follows from [16] (see Proposition 2 in [16] ) that the equations of motion (2.4)-(2.6) and the Bianchi identities dF
for the field configuration (2.11), (2.21)-(2.25), (2.27) with the restrictions (3.2), (3.3) imposed are equivalent to equations of motion for σ-model with the action
is the potential with 10) and
is the lapse function,
and
are components of the "pure cosmological" minisupermetric, i, j = 0, . . . , n [22] . In the electric case (F (a,m,I) = 0) for finite internal space volumes V i the action (3.8) coincides with the action (2.1) (3.8) may be also written in the form
(|S| is the number of elements in S) is defined by the relation
Scalar products
The minisuperspace metric (3.18) may be also written in the form
is an indicator of i belonging to I. The potential (3.9) reads
The integrability of the Lagrange system (3.17) crucially depends upon the scalar products of co-vectors U Λ , U j , U s corresponding toḠ:
is matrix inverse to (3.23) . Here (as in [22] ) 33) i, j = 0, . . . , n. These products have the following form
Relations (3.34)-(3.36) were found in [28] and (3.37) in [16] .
Wheeler-De Witt equation
Here we fix the gauge as follows
where f : M → R is a smooth function. Then we obtain the Lagrange system with the Lagrangian
and the energy constraint
Using the standard prescriptions of (covariant and conformally covarint) quantization (see, for example, [20, 21, 22] ) we are led to the Wheeler-DeWitt (WDW) equation
is the so-called "wave function of the universe" corresponding to the f -gauge (4.1), and satisfying the relation 
For the Laplace operator we obtain
may be rewritten, using relations (4.7), (4.8) and
as follows
HereĤ ≡Ĥ f =0 and Ψ ≡ Ψ f =0 .
5 Exact solutions with one curved factor space and orthogonal U s Here we put the following restrictions on the parameters of the model
i.e. the cosmological constant is zero,
i.e. one space is curved and others are Ricci-flat,
i.e. all "brane" submanifolds M Is (see (2.19)) do not contain M 0 . We also put the following orthogonality restriction on the vectors U
for all s ∈ S. ¿From (i), (ii) we get for the potential (3.26)
(see (3.34) ). ¿From (iii) and (3.38) we get
are orthogonal with respect to the scalar product (3.31). Let
and |S| ± is the number of U s with η s = ±1; |S| + + |S| − = |S|. Let the matrix (h αβ ) has the signature (−1, . . . , −1
The matrix (G ij ) has a pseudoEuclidean signature (−1, +1, . . . , +1 n ) [22] . Then from (5.7)-(5.8) we obtain |S| − ≤ l − ,
Thus we obtain the restriction on the number of orthogonal (in minisupermetric (3.32)) p-brane configurations.
Quantum solutions
The truncated minisuperspace metric (3.23) may be diagonalized by the linear transformation
where a, b = 1, . . . , n + l − |S|; η ab = η aa δ ab ; η aa = ±1, and
with
¿From (4.8), (5.11), (5.12) and (5.14) we get
The relation (4.7) in the orthogonal case reads as
We are seeking the solution to WDW equation (4.9) by the method of the separation of variables, i.e. we put
s ∈ S, and 
where 26) where p = (p a ), P = (P s ), E = (E s ), B = (B 0 , B s ), B 0 , B s = I, K; and Ψ * = Ψ * (z|p, P, E, B) is given by relation (5.19), (5.23)-(5.25) with E 0 from (5.22). Here C(p, P, E, B) are smooth enough functions. In non-composite electric case these solutions were considered recently in [35] .
Classical solutions

Toda-like representation.
Here we will integrate the Lagrange equations corresponding to the Lagrangian (4.2) with the energy-constraint (4.3) and hence we will find classical exact solutions when the restrictions (5.1)-(5.5) are imposed. We put f = 0, i.e. the harmonic time gauge is considered.
The problem of integrability may be simplified if we integrate the Maxwell equations (for s ∈ S e ) and Bianchi identities (for s ∈ S m ): 27) where Q s are constants, s = (a s , v s , I s ) ∈ S. Let
where S * ⊂ S is a non-empty subset of S.
For fixed Q = (Q s , s ∈ S * ) the Lagrange equations for the Lagrangian (4.2) with f = 0 corresponding to (x A ) = (φ i , ϕ α ), when equations (5.27) are substituted are equivalent to the Lagrange equations for the Lagrangian
where The solutions read:
where u 0 , u s are constants, s ∈ S * . Functions f 0 and f s in (5.32) are the following:
(5.37)
where C 0 and C s are constants. Here we used the relations (5.7)-(5.9). The contravariant components
Corresponding relations for U sA , s ∈ S, were presented in (4.10). Using (5.32), (5.7), (5.16), (4.10) and (5.41) we obtain
The harmonic gauge function (3.10) reads
The zero-energy constraint reads (see Appendix 2)
s ∈ S e , and for magnetic-type forms (2.23) 
Thus we obtained exact solutions for multidimensional cosmology, describing the evolution of (n + 1) spaces (M 0 , g 0 ), . . . , (M n , g n ), where (M 0 , g 0 ) is an Einstein space of non-zero curvature, and (M i , g i ) are "internal" Ricci-flat spaces, i = 1, . . . , n; in the presence of several scalar fields and forms. This solution describes a set of charged (by forms) overlapping p-branes (p s = d(I s )−1, s ∈ S * ) "living" on submanifolds M Is (2.19), where the sets I s do not contain 0, i.e. all p-branes live in "internal" Ricci-flat spaces.
The solution is valid if the dimensions of p-branes and dilatonic coupling vector satisfy the relations (5.4). In non-composite case these solutions were considered recently in [35, 36] (electric case) and [37] (electro-magnetic case). For n = 1 see also [8, 10] .
Spherically symmetric solutions
To illustrate the general solution from Subsect. 5.2 let us consider also the spherically symmetric case
where dΩ
is canonical metric on unit sphere S d 0 . We also assume that M 1 = R, g 1 = −dt ⊗ dt and 1 ∈ I s , ∀s ∈ S * , (5.57)
i. e. all p-branes have common time direction t. Let
58)
s ∈ S * . For integration constants we putc A = 0,
59) s ∈ S * . The solutions obtained describe non-extremal charged intersecting p-branes and agree with those ¿from Refs. [9] , [14] , [15] (d 1 = . . . = d n = 1, η s = +1) and [37] (η s = +1, non-composite case).
We note that Hawking temperature corresponding to the solution is (see also [15, 37] )
WDW equation with fixed charges
We may consider also another scheme based on zero-energy constraint relation (5.31).
The corresponding WDW equation in the harmonic gauge readŝ 
We note that recently such solution for the special case with one internal space (n = 1) and non-composite p-branes was considered in [34] . .29)). In subsection 6.1 we propose a sufficiency condition for the existence of "full" spectrum of p-brane pairs (see Propositions 1, 2) . This condition is formulated in terms of so-called fundamental matrix of the model.
In subsection 6.2 we suggest a chain of D ≥ 11 models ("beautiful" models). These models satisfy conditions of Proposition 1 for d 0 = 2. They may be considered as a nice polygon for investigating of solutions with intersecting p-branes and possible generalization to higher dimensional supergravitational and super-p-brane models (F D -or M D -theories).
In subsection 6.3 we consider the generalization of the orthogonality relation leading to some other integrable Euclidean Toda-like Lagrangians and find corresponding intersection rules. This result may be considered as a "bridge" between Toda lattices (open, closed etc.) and intersecting p-branes. It opens a new area for using of Lie algebras (e. g. affine Lie algebras etc.) in the (classical and quantum) models with p-branes.
Orthogonal U s
In Sect. 5 we obtained exact cosmological solutions for the model (2.1) with Λ = 0 defined on the manifold (2.10). In (2.10) M 0 is an Einstein space of non-zero curvature and hence
Here we treat the existence of the solutions with two p-branes. Let us consider such solution with set of indices S * = {s 1 , s 2 }, s 1 = s 2 , where
The orthogonality relation (5.4) defines the intersections rule
3)
It follows from (6.2) that in orthogonal case
The intersection symbol (6.3) is symmetric: ∆(s 1 , s 2 ) = ∆(s 2 , s 1 ). In orthogonal case it satisfies the obvious restrictions
The latter follows from the inclusion M Is 1 ∪Is 2 ⊂M . We recall that dimensions d(I s ) obey the relations (2.28) and (2.29) that may be written as follows d(I s ) =Dχ s +n as χ s , (6.7)
We call (N(a, b) ) fundamental matrix of the model (2.1). ¿From (6.3) and (6.7) we obtain 9) or, more explicitly,
(6.12)
Thus N(a, b) is the dimension of intersection for two electric p-branes charged by forms F a and F b respectively. Fundamental matrix defines the intersection rules in electromagnetic case too. Remark 1. The matrix (6.8) is unchanged ifn a → kn aD → k 2D , k ∈ N. For example, we may consider the chain of models with D = 9k 2 + 2, n = rankF = 3k + 1 originating ¿from truncated bosonic part of D = 11 supergravity. Proposition 1. Let matrix (6.8) satisfies the following restrictions ¿From Proposition 1 and (6.14) we obtain Proposition 2. The model (2.1) with Λ = 0 defined on the manifold (2.10) with
In the next subsection we apply these propositions for D = 11 supergravity and the chain of D > 11 models.
Example: chain of B D -models
Let us consider the action in dimension D 15) where
Here vectors λ a satisfy the relations [29] (see also [16] 
The dimensions of p-brane worldsheets are (see (6.7))
(6.20)
We have (l + 1) electric and (l + 1) magnetic p-branes p = d(I) − 1. The intersection rules are given by (6.9). For D = 12 see also [16] . Fundamental matrix (6.17) is d 0 -proper, iff d 0 = 2 and hence B D -model is binary complete if the manifold decomposition (2.10) with M 1 = . . . M n = R, n = D − 3, d 0 = 2 is chosen. So, for spherically-symmetric solutions the binary-completeness takes place only in "non-Tangerlini" case M 0 = S 2 . We note that in B D -models (U s , U s ) = 2 > 0, since
(see (6.14) ) for all a = 4, . . . , D − 7. Remark 2. Here two problems arise. The first one is the existence of the chain of extensions
where For B 11 ←− B 12 see [29] . We note that B D models have also rather interesting classes of Toda lattice solutions. The intersection rules for these "Toda p-branes" may be obtained using general relations described in the next subsection. (To our knowledge p-brane solutions governed by open Toda lattices with a n Lie algebras were studied first in [8, 10] .)
Generalizations to Toda lattices
Let us consider the Lagrange system (5.29), (5.30), where V (curvature part of potential) is defined in (5.6). Here we put
The Lagrangian (5.29) may be "block-diagonalized" in z-variables (5.11) satisfying (5.12), (5.13), η s = +1 and B 
where C = (C s 1 s 2 ) is the Cartan matrix for some semisimple Lie algebra g. When g is simple L T,Q describes Toda lattice corresponding to g [31] - [33] . ¿From (5.4), (6.14), (6.3) and (6.31) we obtain the intersection rules d(I s 1 ∩ I s 2 ) = ∆(s 1 , s 2 ) + 1 2 K(a s 2 )C s 1 s 2 , (6.32) s 1 = s 2 , where ∆(s 1 , s 2 ) is defined in (6.3) and K(a) in (6.13). When rank( B s , s ∈ S * ) = |S * | − 1 (i.e. only one vector linearly depends upon others) the Adler-van-Moerbeke criterion has the form (6.31) with the Cartan matrix corresponding to some affine Lie algebra [30] . In this case a closed Toda lattice arises.
Thus, when relations (6.13) and (6.32) are satisfied, the cosmological model is integrable since it is reduced effectively to (open or closed) Toda lattice.
Uninorm models. Let K(a) = K, a ∈ ∆, and |S| ≥ 2. Then from (6.32) we get that the Cartan matrix is symmetric. Hence g is of A-D-E type (or simply laced), i.e. it belongs to one of a n , d n , e n series. In this case C s 1 s 2 = 0, −1, for s 1 = s 2 and −1 takes place for some s 1 = s 2 . Let ∆(s 1 , s 2 ) ∈ Z. Then, it follows from (6.32) that K should be even.
Example 1. In D = 11 supergravity K(a) = 2. For S = {s 1 , s 2 } and g = a 2 = sl(3) we get the intersection rule d(I s 1 ∩ I s 2 ) = ∆(s 1 , s 2 ) − 1 = 0, 1, 3 (6.33) for {d(I s 1 ), d(I s 2 )} = {3, 3}, {3, 6}, {6, 6} respectively. We see that two membranes are intersecting in a point. 
where k = 0, 1 and B ω , B ω = I ω , K ω are modified Bessel function. 
Appendix 2: Classical solutions with orthogonal vectors
